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1 Introduction 

In this paper we relate certain curvature conditions on a complete Riemannian man- 
ifold to the existence of bounded and L 2 harmonic forms. In the case where the 
manifold is the universal cover of a compact manifold, we obtain topological and 
geometric information about the compact manifold. Many of these results can be 
thought of as differential form analogues of Myers' theorem that a complete mani- 
fold with strictly positive Ricci curvature is compact with finite fundamental group. 
In fact, our curvature conditions involve the positivity of the Weitzenbock curva- 
ture terms TZ P , where TZ l is the Ricci curvature. We also give pinching conditions 
on certain sums of sectional curvatures which imply the positivity of TZ P , and hence 
yield Bochner-type vanishing theorems for harmonic forms. In particular, we con- 
struct a compact manifold with planes of negative sectional curvature at each point 
and which satisfies the hypothesis of our vanishing theorem. Finally, we remark on 
related spectral gap estimates for the Laplacian on forms on complete manifolds. 

In more detail, recall that Bochner's theorem states that there are no L 2 harmonic 
p-forms on a complete manifold M if the curvature term W in the Weitzenbock 
decomposition A p = V*V + 7Z P for the Laplacian on p-forms is positive. In particular, 
if M is compact, then 1Z P > => H P (M; R) = 0. This result has the disadvantage that 
HP is a complicated curvature expression whose geometric/topological significance is 
unclear, except for 1Z 1 = Ric, the Ricci curvature. In general, even manifolds with 
positive sectional curvature need not have 1Z P > for 1 < p < n — 1. 

The first two authors are supported by SERC grant GR/H67263. The last two authors are 
partially supported by the NSF. 



We have previously made some progress in this area. In H, we showed that 
7Z P need only be strongly stochastically positive, or s. s. p., (as defined in §2) for 
Bochner's theorem to hold. In practice, this allows 7Z P to be negative on a set of 
small volume if M is compact. We also showed that TZ 2 s. s. p. implies 7r 2 (M) is 



a torsion group. In [10], we showed that the positivity of 7Z P on primitive vectors 
is equivalent to the positivity of a sum of sectional curvatures, and we used this to 
obtain vanishing theorems for H p (M; Z) for manifolds isometrically immersed in R . 
Finally, in [[16] the second author showed that the hypothesis of Myers' theorem can 
be extended to the strong stochastic positivity of the Ricci curvature. 

In this paper, we extend these results in several directions. First, in contrast 



to the usual Jacobi field proof, the proof of Myers' theorem in |1| comes down to 
showing the existence of an L 2 harmonic function on the universal cover of M. In §2, 
we extend this argument from functions to forms. The main analytic result (Theorem 
2.1) states that if K p±1 is s. s. p., and if M has a bounded harmonic p-form, then M 
has an L 2 harmonic p-form. In fact, all the results in this section carry over to the 
Bismut-Witten Laplacian, and are stated in this generality. 

As consequences, we give a series of results indicating the geometric significance 
of TZ 2 . We show that the universal cover of a compact manifold M with TZ 2 s. s. p. 
and with a nonconstant bounded harmonic function admits a nonconstant harmonic 
function of bounded energy (Proposition 2.1). This implies that a compact manifold 
cannot admit both a metric with TZ 2 s. s. p. and a metric with pinched negative 
curvature (Theorem 2.3). (There are corresponding results for p-forms.) Moreover, 
if M,N are compact manifolds with 7i"i(M) nonamenable and 7Ti(N) infinite, then 
M x N admits no metric with TZ 2 s. s. p. (Theorem 2.4). We also show that a 4- 
manifold with nonamenable fundamental group and x{M) > —2 has no metric with 
TZ 2 s. s. p. (Proposition 2.2); in particular, no 4-manifold of negative curvature admits 
such a metric. 

In §3, we prove that 7Z P > if there exists A = A(x) > such that 

cA<itiL i^v)=z<A (i.i) 

i=l j=p+l V 

for all orthonormal bases {v 1 , . . . , v n } of T X M. Here C = C(n,p) is an explicit 
constant, and K(v\v^) is the sectional curvature of the (v\ v J )-plane. In particular, 
a manifold with this pinching estimate has no L 2 harmonic p-forms. 

Note that the sum of curvatures in ( |1 . 1| ) is Ric(f 1 ,f 1 ) if p — 1. In general, this 



sum of curvatures is precisely the sum in Jl0| mentioned above (which in turn is based 



on [|14[). Combined with Theorem 2.3, this shows that a compact manifold cannot 
admit both a metric of pinched negative curvature and a metric with ^2 pinched 
as in ( |1 . 1| ) . We also show that the metric product M = Ex S 4 of a surface X of 
constant negative curvature with the 4-sphere satisfies the pinching estimate above 
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with p = 3. As mentioned above, this example is significant because it has planes of 
negative sectional curvature at each point. 

Finally, in §4 we give estimates for the spectral gap at zero for the (Bismut- 
Witten) Laplacians on forms. These estimates come from the L 2 analogues of the L°° 
estimates of §2. 

We would like to thank Feng-Yu Wang for helpful conversations. 



2 Bounded harmonic forms and L 2 harmonic forms 

In this section we relate the positivity of the Weitzenbock term for the Laplacian on 
forms to the existence of bounded and L 2 harmonic forms. We give applications of 
this result to the geometry and topology of compact manifolds. 

Let (M, g) be a complete Riemannian manifold and h : M — > R a smooth func- 
tion. The case h = is of particular interest. Let 5 h be the adjoint of the exterior 
derivative d on forms with respect to the measure fi(dx) = e 2h dvol g . The Bismut- 
Witten Laplacian A h — (d + 5 h ) 2 is a self-adjoint operator on L 2 forms with respect 
to n(dx), see ([HJ. This Laplacian restricts to an operator A h ' q on g-forms, and has 
the Weitzenbock decomposition 

A h,q = y* y + n h,q 

In particular, lZ h ' 1 = Ric — 2 • Hess(/i), where Hess(/i) = — V 2 /i is the Hessian of h. 
We use the convention K h 1-1 = 0, TZ h ' n+1 = 0. Let ]Z h ' q (x) be the infimum of K h > q {v ) 
over all unit g-covectors v G A q T*M. We will omit the superscripts h, q if the context 
is clear. 

Let {x t } be a path continuous diffusion process with — A h = — A h '° as generator, 
i.e. a /i-Brownian motion, starting from xq. Assume that the /i-Brownian motion does 
not explode, or equivalently that the associated Bismut-Witten heat semigroup P/ 1 
is conservative: P^l = 1. For P^ ,q = e~2 tAh ' q the heat semigroup on L 2 A q (M, p,(dx)) 
defined by the spectral theorem, it is known that for each g-form e L°° D L 2 , 

P^<f>(v Q ) = Ecf>(w t h ' q (v )), (2.1) 

provided ]Z h ' q is bounded from below. Here W^' q (vo) is the solution to the stochastic 
covariant differential equation along paths of {x t }: 

^ = -\n^{w^{v )) (22) 

for vq G A q T XQ M; we use the metric g to let 7Z h,q act on A q T X0 M. This easily implies 

\W t h ' q (v )\ <e^Io^ h ' q ^ ds . (2.3) 
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Let 



and let H = H h,q be the /i-harmonic projection on the space of L 2 A q (M, fi(dx)). Thus 
for such 0, H<f> = Iim Woo P^'V- Let C C °°A 9 = C™A q T*M denote the space of smooth 
compactly supported g-forms, and let \4>\lp denoted the LP norm of \<f>\. 

Lemma 2.1 Let q G {2, . . . , n — 2}. Assume that the h-Brownian motion does not 
explode and that IZ 11 ^ 1 and TZ h ' q+1 are bounded below. For <fi,ip <E C^°A q , we have 



M 



(H(p — (f>, ip)fi(dx) 



< 



SUp TZ q+ i(xn) 

XQ&Supp((j>) 



1 

+ 2 



SUp TZq-l(x ) 

_xo£Supp((f>) 



Id^loc • \d<PW (2-4) 

^V|oo-|^0|li. 



Proof. For P t = P/ 1 ' 9 , we have 

/ (H(j) — (J), ijj)n(dx) = lim / (P t 6 — 6.ib)a(dx). 

JM JM 



(2.5) 



On the other hand, 

(P t (j) - (fr,ip)n(dx) 



-\ I f\/A\P s <P)^)^dx) 

M 2 JM JO 

= - (d(j), P s (dip))ii(dx) ds 

2 JO JM 

+i f I (5 h <f>,P s (8 h iP))n{dx)ds. 

2 JO JM 

Under the assumptions of the lemma, \P s (dip)\(xo) < \dip\oo ■ E|W^' 9+1 | X0 and 
\P s {5 h {iP)\{x ) < |5VU • nWt q -% . So by (p|) we have 



M 



{P t 4> - <f>,if>)fj,(dx) 



< 



sup f°Ee-U"^ +1 (-)^- 



L 1 



xo£supp((f>) •'O 

91 - T1UU sup r^^-^du.^ 

" XQ£supp(<j>) "'0 

and the required inequality follows from ( |2.5| ). 
For one-forms the corresponding result is: 
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Lemma 2.2 Assume that the h-Brownian motion does not explode. Then for <j),if> G 
r,\\ ! 7".U. 



(H(j) — 4>,ip) n(dx) < - 



sup TZ 2 (xq) 

_XQ&Supp(<t>) 
1 

+ - sup 







|#|oo • \d(j)\ 



P s {5 h (f))ds 



L 1 



The main application of these estimates is to the existence of harmonic forms. By 
a bounded C 1 h-harmonic q-form (g ^ 0), we mean a bounded g-form with cZ0 = and 
<5 ft = 0. For q = 0, a bounded harmonic function / is given by the usual definition 
A h '°f = 0. Note that a bounded solution of A h,q <f) = need not be a bounded /i- 
harmonic form. By an L 2 h-harmonic q-form we mean an L 2 solution of A h,q <p = 0. 
An L 2 /i-harmonic g-form satisfies d<p = 5 h <p = 0. The following result is based on 
techniques going back to (§]. 

Theorem 2.1 Let q e {2,3, . . .,n— 2}. Assume that h-Brownian motion does not 
explode. Suppose lZ h,q ~ 1 and TZ h >i +1 are bounded from below with both sup^g^ i{x) 
and sup xeK ]Z q _ 1 (x) finite for all compact sets K C M. If there exists a nontrivial 
bounded h-harmonic q-form, then there exists a nontrivial L 2 harmonic q-form. 

Proof. Let if) be a nontrivial bounded /i-harmonic g-form. Take a sequence of 
functions {h n } on M with < h n < 1, |V/i„| < - and h n — > 1 as n — >• oo, see 0], 



ITJ. Define if> n — h n ■ if). Then dip n = dh n A if> and 8 h ip n 

6 h ip, 



-ivh n ip, and so 



\dipn\oo < -\if>\ c 
n 



<-Hc 

n 



Thus by Lemma 2.1, 



M 



(Hcf) - <f),ip n )ii(dx] 



< c 



where c is a constant depending on the support of 0. If there are no L 2 /i-harmonic 
g-forms, then H(j) = for all G C C °°A 9 . Thus 



lim 

n— >oo 



(-<f),ip n )n(dx) 



M 



((p,ip)fi(dx), 



since -0 is bounded and has compact support. So 

(0, if))n(dx) = 



for any G C^°A q . Therefore if) has to be zero, contradicting the hypothesis. 
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Definition: A function / 6 C 1 (M) is strongly stochastically positive (s. s. p.) if 



lim - sup logE ( e ~^of^ d A < 

t->°0 t xq&K V / 

for each compact set K. We say that W is s. s. p. if the function is s. s. p.. 

Remarks: (1) Strong stochastic positivity is equivalent to A + / > on L 2 (M,g) 
if M is compact 0. In particular, a positive function on a compact manifold is 
strongly stochastically positive. More generally, if / is positive except on a set of 
small volume in the sense of M, P2"| |, then / is s. s. p. Note that a function is s. s. p. 



on any manifold M, then its pullback is s. s. p. on any cover of M, since Brownian 
motion on the cover projects to Brownian motion on the base. Thus if A + 'RP > 
on a compact manifold M, then 7Z P is s. s. p. on the universal cover M with respect to 
the pullback metric. Thus the condition 1Z P is s. s. p. on M generalizes the condition 
W > on M. 

(2) By semigroup domination 0, 1Z h,q s. s. p. implies the vanishing of the spaces 
of L 2 /i-harmonic g-forms and bounded /i-harmonic g-forms. Note also that TZ h,q 
s. s. p. implies that sup xeK ]Z q (x) is finite, for K compact in M. Thus the hypotheses 
in Theorem 2.1 on this quantity can be replaced by assuming 7£ h ' 9±1 is s. s. p. 

In summary, all hypotheses in this paper of the form lt RP is s. s. p. on the compact 
manifold M" can be replaced by "TZ P > on M. " 

We now give some geometric applications of the last theorem. Let H k (M) and 
L 2 H k (M) denote the spaces of harmonic and L 2 /i-harmonic fc-forms (or harmonic 
fc-forms in the case of h = 0). Of course, if M is compact then H k (M) ~ H k (M; R). 

A manifold is said to have negative curvature with pinching constant k if its sec- 
tional curvatures K satisfy — 1 < K < — k < 0. 

Corollary 2.1 Let M be a compact n-manifold. Suppose lZ q±l = lZ 0,q±1 are 
strongly stochastic positive for some q with q G {2, . . . , n — 2} and q ^ n/2. If 
H q (M) ^ 0, then M admits no metric of negative curvature with pinching constant 
q 2 1 (n — q— l) 2 . 

Proof. As noted in Remark (1), strong stochastic positivity is preserved in passing to 
a cover. In particular, the universal cover M of M has lZ q±1 s. s. p. Since H q (M; R) ^ 
0, there is a nontrivial harmonic g-form on M, which lifts to a bounded harmonic 
form on M. By Theorem 2.1, L 2 H q (M) ^ 0. 

Suppose M also admits a metric with negative curvature pinched as in the hy- 
pothesis. Then L 2 H q (M) = 0, with respect to this new metric ||. However the 
vanishing of L 2 H q (M) is independent of the Riemannian metric on M |, which 
gives a contradiction. I 
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Remark: Theorem 2.1 generalizes the corresponding result for q = in []16|| . In 
particular, since every manifold has a bounded harmonic function, namely 1, the 
universal cover M of a compact manifold M with strongly stochastic positive Ricci 
curvature has an L 2 harmonic function. Such functions are constant, which implies 
that M has finite volume. Thus M must be finite volume and have finite fundamental 
group. This extends Myers' theorem, which states that a complete manifold with 
Ric > e > is compact with finite fundamental group. 

Next we discuss the corresponding result for differential one-forms. Recall that 
our diffusion process is transient if 

POO 

sup / P t f(x)dt < oo 
for each / with compact support, see e.g. ||. 

Theorem 2.2 Assume the h-Brownian motion does not explode and is transient. 
Suppose TZ h ' 2 is bounded from below and sup^g^ TZ 2 ( x ) < 00 f or ea °h compact subset 
K . If there exists a nontrivial bounded h-harmonic one-form, then there exists a 
nontrivial L 2 h-harmonic one-form. 

The proof is similar to that of Theorem 2.1. This leads to the following stronger 
result: 

Proposition 2.1 Let M be a compact manifold admitting a metric with TZ 2 strongly 
stochastic positive. If either 

(i) M admits a nonconstant bounded harmonic function with respect to the pullback 
metric, or 

(ii) i? 1 (M;R) 7^ and Brownian motion is transient on M , 

then L 2 if 1 (M) ^ 0, and M admits a harmonic function of finite energy. 



Theorem 2.3 A compact n-manij 'old cannot admit a metric of [l — (n — 2) 2 ]-pinched 
negative curvature and a metric with TZ 2 strongly stochastically positive. 

Proof of the Theorem: By [|], the pinching condition on the negatively curved 
metric g\ implies L 2 H 1 (M, g\) =0, where g\ is the pullback of g\ to M. A negatively 
curved manifold M has A (M) > by McKean's estimate flT5|l , where A is the bot- 
tom of the spectrum for A . By Brooks' theorem ||, iri(M) must be nonamenable. 
By |T7], the nonamenability of tti(M) implies M has a nonconstant bounded har- 



monic function /, which can be assumed to be positive, with respect to any pullback 
metric, in this case the pullback of the metric g 2 with TZ 2 s. s. p. The the condition 
L 2 H 1 (M) = is independent of the metric on M, since the spaces of L 2 harmonic 
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forms are isomorphic to the L 2 closed forms modulo the closure of the L 2 exact 
forms, and hence are quasi-isometry invariants of M. Thus L 2 H X {M, g 2 ) = 0. This 
contradicts the proposition. I 

Proof of the Proposition: For (i), it is well known that the existence of a 
nontrivial bounded harmonic function / implies the transience of Brownian motion on 
M with respect to the pullback metric. Thus u — df is a nonzero one-form satisfying 
du — 8u — 0. Moreover, uj is bounded by Harnack's inequality |24| or by Bismut's 
formula in ||. Thus Theorem |272| implies L 2 if x (M) 7^ 0. Moreover, / has Af = 
and has finite energy ||d/||z,2. 

For (ii), note that H l (M; R) 7^ implies that M has a nontrivial harmonic one- 
form, which pulls back to a bounded harmonic one-form on M. By Theorem 2.2, M 
has an L 2 harmonic one-form u. Since if 1 (M;R) = 0, we have uo = df for some 
function / on M. Thus = 5uo = Af, and / has finite energy as before. I 

As an example of the sharp nature of this result, let M = S 3 x S 1 . Since the 
standard metric on S 3 has 7Z 2 > 0, the product of the standard metrics has 7Z 2 > 
by an easy calculation. M has a harmonic one-form, which lifts to a bounded harmonic 
one-form on M = S 3 x R. However, L 2 H (M) = by direct calculation. Brownian 
motion on M is recurrent, so the hypothesis on the transience of Brownian motion 
cannot be omitted from Theorem [2.2| . 

As another application of Theorem [2.2|, we have 



Theorem 2.4 Let M,N be compact manifolds with 7Ti(M) nonamenable and tti(N) 
infinite. Then M x N admits no metric with TZ 2 strongly stochastically positive. 

Proof: The universal covers M, N have no L 2 harmonic functions since 
7Ti(M), 7Ti(N) are infinite. The Kiinneth formula for L 2 harmonic forms thus im- 
plies L 2 H 1 (M x N) = 0. However, 7Ti(M x N) is nonamenable, so as above M x N 
has a nontrivial bounded harmonic one-form with respect to any pullback metric. 
The theorem follows as above. I 

Remark: As pointed out to us by J. Lott, the Kiinneth formula for the Laplacian 
on L 2 forms on a product manifold follows from the discussion of the spectrum of 
an operator of the form v4£g>l + l<S>-Bin pl| Vol. I, Thm. VIII. 33]. Namely, this 
theorem implies that the zero spectrum of the Laplacian on a product manifold is 
given by the expected combination of the zero spectra on the individual factors. 

We now consider these results for 4-manifolds. In this dimension, the positivity 
(resp. s. s. p.) of 1Z 2 is equivalent to the positivity (resp. s. s. p.) of the curvature 



operator on complex isotropic two-planes ||20|| . The Euler characteristic of such man- 
ifolds is constrained as follows: 



S 



Proposition 2.2 Let M be a compact, oriented 4-manifold. 

(i) IfTZ 2 is strongly stochastically positive and tti(M) is finite, then M is diffeo- 
morphic to S 4 . 

(ii) IfTZ 2 is strongly stochastically positive and 71*1 (M) is infinite, then x(M) < 0. 
In particular, a compact 4-manifold cannot admit a metric of negative curvature and 
a metric with TZ 2 strongly stochastically positive. 

(Hi) If 1Z 2 is strongly stochastically positive and 7Ti(M) is nonamenable, then 
X (M) < -2. 

PROOF: (i) By ||, TZ 2 strongly stochastically positive implies M is a homotopy 
sphere and hence is diffeomorphic to S 4 by Freedman's solution to the Poincare 
conjecture. Since x(M)/x(M) equals the order of the covering map from M to M, 
the covering map is either 2 — 1 or 1 — 1. Since M is oriented, only the 1 — 1 case is 
allowed. 

(ii) By the L 2 -index theorem Q, xiM) equals L 2 x{M), the L 2 Euler characteristic 
of M. Since nx(M) is infinite, = L 2 H°(M) L 2 H 4 (M). Since M has TZ 2 strongly 
stochastically positive for the pullback metric, L 2 H 2 (M) = 0, and so > L 2 x{M). 

By Avez's theorem |2|, the Euler characteristic of a negatively curved 4-manifold 
is positive. Of course, such a manifold has infinite fundamental group. 

(iii) As in the proofs of Proposition 2.1 and Theorem 2.3, the nonamenability 
of 7Ti (M) implies the existence of a nonconstant bounded harmonic function / (and 
hence the transience of Brownian motion) and the existence of a bounded harmonic 
one-form df. By Theorem 2.2, ^ L 2 H\M) L 2 H 3 {M) } so x(M) = L 2 X (M) < 0. 
Since H 2 (M; R) = 0, x(M) is even, so x(M) < -2. I 

S* 4 with its standard metric shows that Ki(M) must be infinite in (ii). For an 
example of (iii) not covered by (ii), let N be a compact hyperbolic 3- manifold with 
H l (N]H) = 0; examples of such manifolds occur in Dehn surgery on the figure 
eight knot complement in S 3 . Set M = N x S l . Then x{M) = and 71*1 (M) is 
nonamenable, so M admits no metric with TZ 2 strongly stochastically positive. Note 
that H 2 (M;R) = and tt 2 (M) = 0. Thus neither (i), (ii) nor the Micallef-Moore 
result [0| {TZ 2 pointwise positive implies 7r 2 (M 4 ) = 0) shows that M admits no such 
metric. 

The proposition above is valid for 6-manifolds (except for the part using Avez's 
theorem). The manifolds NxN and NxS 3 , for iV as above, do not admit metrics with 
TZ 2 strongly stochastically positive, although this cannot be seen from the L 2 -index 
theorem alone. 

3 Pinching and positivity of 7Z P 

In this section we will give conditions that guarantee stochastic spectral positivity of 
7Z p . 
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Definition: We say that a Riemannian manifold M is C '-p-pinched if for each x G M 
there exists A = A(x) > such that for each orthonormal basis {V, . . . , v n } of T X M, 



p n 



CA<J2 E ^KX) < a. 



(3.1) 



i=i j=p+i 



If C — C (n, p) has explicit dependence on p, then we will just say that M is C-pinched. 

Here K(v l ,v j ) is the sectional curvature of the plane spanned by (the duals of) 
v l ,vK We will denote this sum of sectional curvatures just by J2 P if the context is 
clear. 

The purpose of this section is to compute C = C(n,p) such that C-pinching 
implies M n has W > 0. Note that a compact manifold is 0-1-pinched iff it has 
positive Ricci curvature, so we are not interested in pinching theorems for 1-forms. 
Since *1Z P = 1Z n ~ p * for the Hodge star operator *, we are similarly uninterested in 
pinching results for (n — l)-forms. 

Theorem 3.1 Assume p ^ 1, n - 1. Set 



If M is C(n,p) -pinched, then W > 0. In particular, C(n,p) -pinching implies 
H p (M; R) = if M is compact. 

Before we begin the proof, we review some curvature tensor manipulations, both as 
motivation and for use in a later example. Let K(i,j) denote the sectional curvature 
of the 2-plane spanned by v l ,v\ and similarly let K(i + j,k) denote the sectional 
curvature for the 2-plane spanned by v l + v\ v k . We have Rijki = (R(v t ,v : ')v k ,v l ), 
where we fix our sign convention by K(l, 2) = — -R1212 = 1 for an orthonormal frame 




lp(n-p) + j@(y) 




on S 2 . We set R( i+j ) k ( s+t )i = (R( 




, v l ), for i ^ j,s 



7^ t. From 



K(i,l+j) 




for I 7^ j, we get 




-K{i,j), 3 = 1 

lK(i,l) + lK(i,j)-K(i,l+j), j^l. 



(3.2) 



We also know 



2R(i-k)j(i-k)l — Rijil ~ Rijkl — Rkjil + Rkjkl- 



(3.3) 
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Switching i and j in (^.3[), subtracting the result from fl3T3] ) and using the Bianchi 
identity, we obtain 

SRijkl = —2R(i-k)j(i-k)l + 2R(j~k)i(j-k)l + Rijil + Rkjkl — Rjijl — Rkikl- (3.4) 

Note that combining (|3.2|) and (|3.4j ) gives the well known expression for Rijki in terms 
of sectional curvatures. 

We now carry these calculations over to W . 

Lemma 3.1 Let J,K be multi-indices of length p. 

(i) If\JC\K\ <p-2, then (Wv J , v K ) = 0. 

(ii) If I is a multi-index of length p — 2 and i,j, k, I are distinct indices not in I, 
then 

(RP^ A v j A v 1 ), v k A v l A v 1 ) = 2R m . (3.5) 

(Hi) If I is a multi-index of length p — 2, ifi,j,l are distinct indices not in I, and 
if B <J2 P < A, then 

{(Wfo* A v j A v 1 ), v l Av l A v T )\ < h^A-B). (3.6) 

PROOF: Let a 1 denote interior multiplication by v l , and let (a 1 )* denote the adjoint 
action of wedging with v\ Then W = Rij k i(a 1 )* a? \a k )* a 1 P3]| . In particular, Wv J = 
okv k has ok = if J, K differ by more than two indices. This proves (i). 
For (ii), it is immediate that for fixed p, q, r, s we have 

(R pqrs {a p ya q {a r )*a s {v l A v 3 A v 1 ), v k A v l A v 1 ) = 0, 

unless {p, r} = {k, I}, {q, s} = {i, j}. Now a direct calculation of the four possibilities 
for p,q,r,s gives 

(R 13 ^ Av j Av I ),v k Av l Av 1 ) = R ijkl + R jkU - R Ukj + R kUj 

2R%j k ii 

by the symmetries of curvature tensor. 
For (iii), recall that 

p n 

(Wiv 1 A... Av v ),v l A... Av p ) K(v\v J ), (3.7) 

i=i j=p+i 

where {v 1 , . . . , v n } is an orthonormal basis extending {v 1 , . . . , v p } [|n|. We have 

2{W{v i A v 7 A v I ),v i Av l A v 1 ) (3.8) 

= (^[^A^^A^],^A^^A^) 
V2 1 s/2 



-(^V A —j=- A « V A A «'). 
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From the hypothesis, we have 



B < (JZ p [v l A A v ],v % A ^Av 1 } < A, (3.9) 

v 2 v 2 

and similarly for * A ^f- A u J ], A A v J ). Combining fl|J) and Q gives 

(hi). I 

We now begin the proof of the theorem. By (ii) of the Lemma, we may treat 
(lZ p (v l A f- 7 A v I ) 1 v k A v 1 A v 1 ) much like the curvature tensor. Fix p, I and set 

(B?(v* A v j A v I ),v k Av l A v 1 ) = T m , T m = -S(i,j), 



1)3 -L v m i)3 _|_ 7 i"i 

(R^A—^-Avilv'A^-Av 1 ) = -S(i,j+m) 

for distinct indices i,j,k,l,m I. Note that = 2Rij kh but the S"s are not 
sectional curvatures - in fact, —S(i,j) = J2 P for some basis {v k }. 
Fix x G M and assume that we have B < J2 P < A at x, so 

B < -S(i,j + m) = T i{j+m)i{j+m) < A. (3.10) 

Of course, T has the same Bianchi identity and symmetries as the curvature tensor 
R. Now the argument in ( p.2|) - fl3T4|) carries over to T, S. In particular, from 

7? — (— 77^ — (— 77*^ 

= (iFK A — ^- A — ^- A */> 

we get 

T = I ~ S ( i ^^ j = 1 

u > u \ ±s(i,i) + is(i,j)-s(i,i+j), 3 + i. 

We also know 

^^{i—k^jii—k^l T^jn Tijkl Tkjil T-kjkl- 

As with Rijku we obtain 

3Tjj fci = — 2T( i _ fe )j(j_ fc ) i + 2T(j_ fc )j(j_ fc )i + Tjjj; + T fej - M — — T fcifc /, (3-11) 
so ( |3.6|) becomes 

\T m \ < \{A-B). (3.12) 
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Using the estimates ( |3.10| ), ( |3.12| ), we see that ( |3.11| ) implies 

4 



T m \ < ^(A-B). (3.13) 



In summary, for J ^ K, we have by Lemma |3.1| (i), (|3.12|) (|3.13|) 





f 


B), 


JnK 


= p- 


1. 


\(R p v J ,v K )\ < < 




B), 


JnK 


= p- 


2. 




{ o, 




JnK 


< p — 


3. 



Thus 

(7^(aV),aV> = 5>2(^W) + ^a/aj(^V,t; J ) (3.14) 

> BY,a]-\(A- B) \ a i a A 
I 1 \ir\J\= P -i 

+-(A-B) ]T \ a i a j\- 

\inJ\=p-2 

We now estimate the last two terms. 

Lemma 3.2 Let I, J be multi-indices of length p. Then for 1 < k < p, 

p 2 



E E K^i < L_ JL_ JEK 



\m j\=k 



p — kj\p — kjj 



Remark: This estimate is sharp, as can be seen by setting aj = (^j ^ for all I. 

PROOF: For fixed value of J2i Qq, the maximum of the left hand side of the inequality 
is attained at some vector a = (aj) with aj > 0. Thus we may drop the absolute value 
signs on the left hand side. Set N = O^j and consider the N x N matrix A given by 



A u 

>N 



i, \inJ\=k, 

0, otherwise. 



Here A acts on R with coordinates indexed by multi-indices of length p. Finding the 
maximum of the left hand side for fixed J2i a / is equivalent to finding the maximum 
eigenvalue of A. Observe that 



A 



p \ In — £r 
n — k) I p — k , 
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— 1 /2 

is an eigenvalue of A with eigenvector a having aj = (™) for all I. 

If p = k the result is trivial. Otherwise we can apply Perron-Frobenius theory. 
Indeed, A has non-negative entries and is irreducible. (For if Q is any subset of 
multi-indices such that I G Q and J ^ Q implies Ajj = 0, then clearly I e Q implies 
V £ Q if i 7 is obtained from / by changing one index; iterating this argument shows 
that Q consists of all multi-indices.) Perron-Frobenius theory (see e.g. (T3I, Theorem 
2, p. 53, and Remark 3, p. 62]) assures us that such A has a unique eigenvalue 
whose eigenvector has positive entries and that this is the maximum eigenvalue, as 
we require. I 



Thus Q3.14Q becomes 



(^(aV),aV)>5||aV|| 2 -i(A-5Mn- P )^a?-^(A-i?)Q r/jE^ 



and this last term is positive provided 



This finishes the proof of Theorem pA 



Example: By Theorem |2.3| , a compact n-manifold cannot admit both a metric of 
[1 — {n— 2)~ 2 ]-pinched negative curvature and a 1 — (2/ (2+2(n— 2)+|(n— p){n— p— 1)))- 
pinched metric. Similar remarks apply to Proposition |2.2| . 



Corollary 3.1 If for all x e M, (Jl) holds for C = C(x), A = A(x) with 



A{x) 



C{x) 



2^-P) + 3 J 2 ; 



(3.15) 

strongly stochastically positive, then W is strongly stochastically positive. In particu- 
lar, if M is compact and ( \3.1dj ) holds, then H P (M; R) = 0. 



Proof: The proof shows that CA < Yh=i E"= p +i K(v\ v^>) < A implies 
W > CA - \p(n -p)(A- CA) - t (A ( H ~ P )(A- CA). 



We now construct a manifold M 6 which is C(6, 3)-pinched, and so has H 3 (M; R) = 
0, but which has planes of negative sectional curvature at each point. In contrast, 



the Gallot-Meyer result \T2\ for the curvature operator C, 

C>0 R k > 0, 



14 



implies positive sectional curvature, as 



(Civ' A v j ), v l A iP) = (-R ljkl v k A v l , v l A v j ) = -2R vy 



for an orthonormal frame {v 1 }. Also, we know of no examples of manifolds with 
positive curvature operator on isotropic complex two-planes (and so TCk(M) = for 
l</c<n/2by[19|) but allowing planes of negative sectional curvature. 

We set M = S a x S 4 , where S is a closed surface of genus g > 1 with a 
metric of constant negative curvature —a, and S 4 is the 4-sphere of constant pos- 
itive curvature 1. We give M the product metric. Since if fc (M;R) ^ for 
k 7^ 3, M cannot be C(6, /c)-pinched for k ^ 3; this is easily verified by computing 
Yh=i Dj=&;+i K(v l , vty for various permutations of an orthonormal frame {v 1 } with 
{w 1 , v 2 } G T*£, {v 3 , w 4 , v\ v 6 } G T*S 4 . 

We give two proofs that M has TZ 3 > 0, one proof based on Theorem |3.1| , and one 
by a direct calculation. 

First, for the product metric on M, the curvature two- forms Qij = Rijkiv k A v l 
vanish for {v 1 } as above, unless i,j G {1,2} or i,j G {3,4,5,6}. Moreover, Rijki = 
unless i,j,k,l G {1,2}, or i,j,k,l G {3,4,5,6}. Now -R1212 = a, and for s,t,r G 
{3,4,5,6}, (E?3) gives 

'0, t ^ r 
-1, t = r. 



stsr 



Finally, if i,j,k,l G {3,4,5,6} are distinct indices, then (|3.4j) implies Rijki = 0. This 
determines the curvature tensor on M. 

In particular, Rijki = if there are at least three distinct indices among i,j,k,l. 
From ( |3.5|) , we see that (R p v J ,v K ) = if | J fl K\ < p — 2. A similar computation 
shows that if | J Pi K\ = p — 1, then (R p v J , v ) is a sum of terms, each of which 
has three distinct indices. Thus in this case, (R p v J ,v K ) = also. In summary, we 
have (7?. 3 f / ,f J ) = unless I = J. 

Let {w 1 } be an orthonormal frame on M. Writing w l = a*t> J for an orthogonal 
matrix (a*), we get by (|3.7|) 

j^Y.K^M) (3.16) 

i=l j=4 

E <<<<<<<^V a A «*» A «*»), V s * A W S2 A 

fci,fc 2 ,fe3 



Now 



3 6 



{n 3 (v kl Av k2 Av k3 ),v kl Av k2 Av k3 ) = Y,^ K (?>&)> ( 3 - 17 ) 

1=1 jf=4 
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for some rearrangement {v 1 } of {v 1 }. Computing the cases where one, two or three 
of the first three of the v l are in TS 4 , we see that the right hand side of (|3.17|) equals 
either 4 — a or 3. Thus if we fix a = 1, the right hand side of (|3.16|) becomes 

EEJTfaV) = 3 £ (alalalf 

i=l j=4 ki,k2,k'i 

= 3 (uo 2 ) (no 2 ) (e«) 2 

\fcl / \k 2 J \k 3 

Thus for a — 1, M has ^3 constant, so by the theorem TZ 3 > 0. 

For the second proof, we compute R 3 directly, using our calculation that 
(T^v 1 ,v J ) = unless I = J. Let / = (^1,^2,^3), and choose so that 

{i q : q = 1, 6} = {1, 6}. By (3.7), we see that 

{RW).^> = Efli)(»vy)= E ^EE^S» ( ')- (3-i8) 

7 7,|/|=3 ?=1 s=4 



Since ^3 equals either 4 — a or 3, taking a < 4 makes the right hand side of Q3.18Q 
positive. 

Remark: Let {w 1 } be an orthonormal frame. We can use [8,Thm. 5A] to conclude 
the stronger result H 3 (M; Z) = once we check 

3 6 Hall 2 n\H\ 2 

£EA>*X)>^-^ (3.19) 

pointwise on M, where a is the second fundamental form, H is the mean curvature 
for an isometric immersion of M in some R^, and n = 6. Here we first isometrically 
immerse E a in some R^ 1 for a fixed a and S 4 in R 5 in the usual way. We then put 
M isometrically in R Wl+5 . 

For a < 1, we know that the left hand side of (|3.19|) is at least 3. On the other 
hand, for a small, ||a|| 2 is very close to ||a|| 2 for S 4 , and similarly for n\H\ 2 . On 
S 4 , \\<y\\ 2 = 4 and H is minus the radial vector, so on M, (||a|| 2 /2) — (n\H\ 2 /2) is 
approximately 2/3. Thus ( |3.19| ) is satisfied. 



4 Remarks on spectral gap estimates 

The crucial Lemma 2.1 treats the L°° theory of harmonic forms, so it is natural to 
look for an L 2 version. For this, let A? = Xi' q be the spectral gap at zero for g-forms, 
i.e. A? = inf {spec(A^) - {0}}. Equivalently 

Ai — mi -—5 . 

4>eC%,<t>eH± \4>\ 2 L2 
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Here is the space of differential g-forms perpendicular to the the harmonic forms. 
We will show that the L 2 version of Lemma 2.1 corresponds to lower bound estimates 
for A* for differential forms. 

Proposition 4.1 Let 1 < q < n — 1, and suppose R 9±1 are bounded from below. 
Then 

\\ > min{Ar\A? +1 }. 
Proof: For 0, ip e C^°A q , and in the notation of §2, we have 



/ (P t( />-<i>,1>)n(dx) 

J M 



(d(f),P 8 (dil)))fj l (dx)ds+ / / (S ll (j),P s (5 fl ij))ij(dx)ds 

J M JO JM 



(d(j), / Pgidtp) ds)/j,(dx) 

M JO 



1 

+ 2 



M 



(5 h <f), / P s (8 h 4>)ds)n(dx) 



< h\d<f>\\v ■ || f P s {d^)ds\\ L ^\\\5 h (t>\\ L , • || f P s {5 h i>)d 

A Jo I Jo 



S \\L 2 



Suppose > and Xf 1 > 0. Then since dip and S h ip are orthogonal to the L 2 

h-harmonic forms, we have the existence of / P s (dip)ds and / P s (5 h ijj)ds in L 2 

Jo Jo 



with 



/•OO 

/ P 8 (dip)d 
Jo 



s| I < 



and 



/ P 8 (6 h if>)d 
Jo 



s < 



Af 1 
2 



A? 



9-1 



II#IIl 2 
II^VIIl- 



Thus letting t — > oo in the earlier inequality gives 



| M W-0^)/i(^)|<3^T(M0U 2 ) • (I#Il 2 ) + 3^t(|^0Il 2 ) • (i^VUO ■ 



Taking <f> — ip E H 1 - and using H(f) = 0, we have 

1 



L 2 ) 



< 



mm{Ar\A? +1 } 



and so \\ > minjAr 1 ^^ 1 }. 
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If M is compact, this result is an easy consequence of Hodge theory, as d and S 
give a conjugacy of the restriction of A q to (Ker d) x with A q+l restricted to the image 
of d, and similarly for A q on (Ker 5) 1 -. However, this argument does not extend to 
the noncompact case without more stringent curvature conditions, due to the possible 
presence of continuous spectrum. 

We can also estimate A* in terms of TZ q±1 , but these estimates are useful only 
when there are no L 2 harmonic (q ± l)-forms. If we denote by Ao(/) the bottom of 
the spectrum of the operator A + / on functions, then we have 

A?>min{A (^ 1 ),Ao(E 9+1 )}, 

assuming lZ q+1 and lZ q ~ l are bounded from below. This comes from [[?], Theorem 3C] 
which states that the bottom of the spectrum of A p is bigger or equal to \q(BF) for 
each p e {1, 2, . . . , n — 1}. Note that by [J7L Proposition 4B], we have 

A (R P ) > -2!m- log Ee~3 

t^oo t 

which gives an estimate for Af in terms of TZ 9 " and 7l q+1 . 
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